We study thermal rectification (TR) in a selectively restructured graphene by performing deviational phonon Monte Carlo (MC) simulations with frequency-dependent phonon transport properties obtained from first principles. The restructuring is achieved by introducing vacancy defects in a portion of graphene. The defects significantly change phonon transport properties, which results in a modulation of temperature dependence of thermal conductivity. With this modulated temperature dependence, we predict TR ratio through an iterative scheme (IS), where heat flow through the system is analyzed by solving the Fourier's law of heat conduction with spatially varying temperature-dependent thermal conductivity. To identify structure parameters for maximal TR ratio, we investigate the influence of defect size, volume percentage of defects, and system (consisting of defective and non-defective regions) length through IS analysis. As results, we find that TR ratio is mainly a function of length of defective and non-defective regions, and volume percentage of defect, whereas it is mostly independent of defect size.
I. Introduction
Thermal rectification (TR) is the phenomenon of directionally preferential heat transport, analogous 2 to electrical transport in an electrical diode. After the experimental demonstration by Starr [1] , this 3 phenomenon has gained gradual interest, and numerous experimental and theoretical studies have been 4 performed to get deeper insights into underlying mechanisms [2, 3] . Improved understanding facilitates 5 development of devices like thermal transistors, thermal logic circuits, and thermal diodes [4, 5] for 6 directional insulation, thermal memory, and computations. Thermal rectification ratio (γ TR ) is defined as where T 0 , ΔT, Q + , and Q -denote mean temperature, temperature difference between hot and cold ends, 9 larger heat current, and smaller heat current in the opposite direction, respectively. 10 Enhancement for Q + /Q -has been commonly considered by introducing a structural asymmetry in the 11 system yielding an asymmetric phonon transport. Till date, mass-loading [6] [7] [8] , nanostructure embedded 12 interface [9, 10] , and shape asymmetric tapered (tailored) nanomaterials [10] [11] [12] [13] [14] [15] [16] and networks [17] have 13 been studied so far. Measured γ TR values are mostly less than 40% and usually smaller than theoretical 14 predictions (references are therein Ref. [2] ). 15 Contrary to these methods for introducing structural asymmetry, an alternative way to give rise to 16 asymmetric phonon transport is connecting two materials with different temperature-dependence of 17 thermal conductivities. The method has been theoretically proposed [18, 19] and experimentally 18 demonstrated (γ TR~3 5%) [20, 21] . Following the reference [18] , below we summarize the mechanics 19 underlying the approach: Supposing we have two materials, "1" and "2", with sufficiently different 20 temperature-dependence of thermal conductivities (κ 1 and κ 2 ). In comparison to κ 2 , κ 1 is a slowly varying 21 function of T. On applying a temperature gradient from "1" to "2" and assuming that throughout "1" and 22 "2" temperatures are equivalent with the reservoirs' temperatures (T 1 =T H and T 2 =T C ), thermal 23 conductivities of the two materials exhibit κ 1 =κ 1 (T H ) and κ 2 =κ 2 (T C ), respectively ( Fig. 1(a) ). On the other 24 hand, for the reverse gradient-direction case ( Fig. 1(b) ), thermal conductivities similarly exhibit κ 1 =κ 1 (T C ) 25 and κ 2 =κ 2 (T H ). In this case, κ 1 (T H ) is slightly lower than κ 1 (T C ) whereas κ 2 (T H ) is much lower than κ 2 (T C ). 26 This asymmetric variation, in principle, can lead to thermal rectification. Here, it is noted that connecting 27 two materials with different phonon transport spectra, naturally results in interfacial thermal resistance, 28 which depending on system characteristics could be difficult to exactly determine. 1 Hence, from a practical standpoint, to avoid this added complexity due to resultant interfacial thermal 2 resistance, we realize a graded temperature dependence of thermal conductivity in a single material by 3 restructuring a portion of the material with vacancy defects (Fig. 1(c) In this work, we employ deviational Monte Carlo (MC) scheme, as proposed by Péraud, et al. [24] , 27 which has been successfully applied to phonon transport in nanostructured materials [25] [26] [27] [28] Harmonic IFCs are obtained by using density functional perturbation theory (DFPT) implemented in 16 the Quantum Espresso package [29] . In the self-consistent calculation for electrons, 32×32 17 Monkhorst-Pack uniform k-mesh [30] 
Third-order anharmonic IFCs are extracted using an open source code thirdorder.py [33] from the 2 force-displacement data obtained from density functional theory calculations, using Quantum Espresso.
3
The force-displacement dataset is obtained through finite displacement method, in the 4 primitive-unit-cell-based 5×5 supercell with 50 atoms. The range of third-order anharmonic IFCs is kept 5 to fifth nearest neighbors, necessary for calculating phonon transport properties of graphene [22, 34] . 6 Now, SMRT approximation is inadequate for investigating phonon transport in graphene [35] since it 7 substantially overestimates umklapp scattering, underestimating thermal conductivity. Therefore, we 8 perform ALD calculations with iterative solution [33, 36] to BTE using ShengBTE [33] . There is a reasonable agreement with reported calculations and experiments [22, [37] [38] [39] [40] . 13 Regarding the discrepancy in calculated thermal conductivity values between present and previous 14 studies, the employed iterative scheme, no longer provides relaxation time, as it calculates deviation in 15 phonon distribution function (δn q ) from the equilibrium distribution (n q ); δn q =-F q ∇T(∂n q /∂T) [33] . ascertained that the phonons with with originally negative τ q , contribute merely 5-10% to overall thermal 23 conductivity. With a relatively low contribution of these phonon modes, we can safely assume that by 24 enforcing absolute τ q , the effect on subsequent calculations is insignificant. This is clear from the accurate 25 reproduction of accumulation functions of thermal conductivity ( Fig. 3(d) ) obtained by ALD, and MC 26 simulations using phonon transport properties from ALD. 27 Utilizing these frequency and mode dependent phonon properties, phonon MC simulations can be 28 performed. Since the method details are well explained in [24] , we only briefly introduce the process flow. 29 In the method, phonon advection and scattering is simulated iteratively. propagation direction is randomly reoriented depending on the relaxation time based probability to 6 imitate phonon-phonon scattering. Finally, to eliminate edge effect ( Fig. 1(c) ), unit cell boundary along y 7 is set to be periodic. For x-direction, either isothermal or periodic unit cell boundary condition [24, 43] is 8 prescribed to impose the intended heat flux. For example, in the pristine case, we apply periodic unit cell 9 boundary conditions along x-direction. 10 Two sets of calculations are done with these simulations. First, referred as MC simulations, to 11 determine the temperature dependent thermal conductivity at a given temperature T eq ; system ends are 12 maintained at T eq + ΔT and T eq -ΔT (ΔT = 0.01 K). Second set, referred as full-MC simulations, is to 13 quantify the rectification performance of the actual system, consisting of both defective and non-defective 14 regions, for larger temperature difference (T eq = 350, ΔT = 150 K). In these calculations, for an accurate 15 implementation of temperature-dependent phonon transport properties, whole temperature range is 16 divided into smaller bins (dT = 50 K). For each bin, a power law relation capturing relaxation time 17 variation with temperature is defined (Eq. 4), where τ i,0 is phonon relaxation time for a given frequency 18 and vibrational mode, in ith material at mean temperature, 20 Here, power law exponent (n) is estimated by fitting (approximately) a straight line through the log-log 21 plot for κ v/s T. The slope of this fit gives n,
23
These simulations are continued until there is no appreciable change in the temperature distribution over 24 physical simulation time of several nanoseconds, a function of system size and defect number. The 25 effective thermal conductivity is evaluated from the calculated heat flux Q, using Eq. 6.
here, thickness of L z is set to 0.34 nm, same as the van der Waals thickness. 28 
29

II. B. Estimation of thermal rectification ratio through Iterative Scheme (IS)
30
The systems examined in this study ( Fig. 1(c) An identical theoretical approach has been proposed by C. Dames [18] for evaluating the performance 20 of thermal rectifiers. Through his analysis, γ TR for the combined system is given by,
where Δ=(T L -T R )/T 0 and ρ are dimensionless temperature bias and thermal resistance ratio, respectively 23 and are defined as 24
25
On further simplification, retaining only leading order term in Δ to yield suggests that increasing n 1 -n 2 is correlated with γ TR (Eq. (10)), and larger L ND , smaller L D , and higher 22 are desirable. However, the restructuring can also lead to larger impedance mismatch (ρ>>1 or 1<<ρ), 23 therefore, it is important to explore the combination of defective and non-defective graphenes, balancing 24 the two competing factors (n 1 -n 2 , and ρ). 25 We also analyze the modulation effect due to size and shape of defect. Figure 5( the phonon-defect scattering probability, which is highlighted by a smaller n i and higher κ for larger l d . As 3 for the defect shape, comparing circle and square shapes for the same defect percentage, it is found that 4 defect shape has no additional effect on κ-T characteristics (Fig. 5(b) ). Thus, we only consider square 5 defects. saturates at large enough L ND (Fig. 6(b) ). Meanwhile, since ρ is proportional to L ND /κ ND , ρ increases with 16 L ND (Fig. 6(c) ). Ultimately, for large L ND , ρ deviates from impedance matching (ρ=1), with the resistance 17 of the non-defective side becoming significantly higher than that of defective side. Therefore, the two 18 competing factors (n D -n ND , and ρ) indicate that larger L ND does not necessarily lead to higher γ TR . 19 However, looking at Figure 6 ( n D and κ D approach to pristine system values. Correspondingly, n D -n ND (n 1 -n 2 ) (Fig. 7(b) ) decreases. Fig. 7(c) ). As such, resistance of the defective side becomes significantly higher than that of 1 non-defective side. Similar to the effect of increasing L ND , the two competing factors (n D -n ND and ρ) 2 determine the γ TR trend. Therefore, smaller L D does not always increase γ TR . However, for a given L ND and 3 l d (Fig. 7(a) this conclusion, it is seen that out of all the tested combinations for IS analysis, the maximum observed dotted ellipse in Fig. 8(a) ). This follows the discussion on effect of changing l d (section III. A.). Extending 12 that discussion, we see that by careful adjustment of with changing defect size, κ-T characteristics for 13 the defective side remain almost unaffected (Fig 8(b) ). Hence, for a given (L D + L ND ) system, there is no 14 enhancement in the peak rectification characteristics with change in l d . 15 We have so far evaluated the impact of each parameter on γ TR by IS analysis. In the remaining part, 16 we perform full-MC simulation for the cases with large γ TR to verify the predictions from the IS analysis. As seen in Fig. 9(b dynamics near the interface (Fig 10(a) ). In the IS analysis, as the defective and non-defective regions are 28 treated separately, scattering rates for the phonons approaching the interface increase (Fig 10(b) ). This 29 affects the already highly-non-equilibrium phonon distribution, due to ballistic phonon interaction with (Fig. 10(c) & (d) ). This creates a discrepancy between the phonon dynamics in 3 the two analyses. Moreover, as mentioned before, phonon MFP range in graphene is considerably large 4 and with increase in L ND , an increasing number of phonons can avoid this interface-interaction, enhancing 5 the discrepancy between the two analyses. Further, due to finite MFP range, we expect this increase in 6 discrepancy to saturate for a big enough L ND . very strict selectivity [46] (excludes all phonon processes involving odd number of phonons from ZA and 24 ZO mode) for three-phonon scattering. However, in present simulations while implementing 25 phonon-phonon scattering, though this selectivity has been accounted in ALD calculations, it is not 26 directly implemented in MC and full-MC simulations. Hence, given the differences between IS and 27 full-MC simulation, we expect a higher TR ratio enhancement from the latter but these limitations can 28 potentially reduce that difference. 1 However, despite these limitations, with the advantages of the current formulation, the calculated 2 values are a good estimate for C TR M γ . Further, with present technology, we can realize and study the 3 proposed systems [47, 48] . Hence, it will be interesting to have a comparative experimental analysis to 4 verify these results and gain insights into exploiting this approach for improving rectifier performance. Here n 1 and n 2 are power law exponents of defective and non-defective graphenes. 
